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Abstract
The present paper and its companion present a solution and domain decomposition model for general two–phase, incompressible and turbulent flows encountered in naval hydrodynamics. The mathematical and numerical model
are derived within the framework of polyhedral finite volume method. Interface capturing is obtained with implicitly redistanced level set method
derived from the phase field equation. This approach removes the need to
redistance the level set field, thus saving CPU time and increasing numerical stability. A modified, Spectral Wave Explicit Navier–Stokes Equations
method is introduced and used for wave modelling, where the solution is decomposed into incident and perturbation fields. The incident field is readily
available from potential flow theories, and only the perturbation component
is solved within the non–linear equation set of the free surface flow model.
The domain is decomposed with implicit relaxation zones used to prevent
wave reflection by forcing the perturbation fields to vanish in the far–field. A
second–order, collocated finite volume method is used to discretise the equations. All equations are solved implicitly, which enables the use of higher
Courant-Friedrichs-Lewy numbers compared to explicit scheme. The algorithm is implemented in foam–extend–3.1, a community driven fork of the
OpenFOAM CFD software. Verification and validation of the model is pre∗
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sented in the accompanying paper.
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1. Introduction
Over the past decades, Computational Fluid Dynamics (CFD) is progressively gaining attention in the naval hydrodynamics community due to
increased computer resources and ability to handle non–linear model equation sets. Recently, Stern et al. (2012) [34] presented an overview of the
capabilities of CFD for a wide range of phenomena related to naval hydrodynamics. Nevertheless, there is an ongoing effort to validate CFD codes
[22], for both steady and transient simulations. A large portion of transient
naval hydrodynamic flows is concerned with ocean waves and their interaction with ships and offshore structures. For this reason, we present a general
decomposition method for the incompressible, two–phase and turbulent flow
model in the vicinity of the object of interest.
Free–surface flows are often modelled by Navier–Stokes equations. A
number of approaches for free–surface flow modelling exist [38]: Volume of
Fluid (VOF) [40], Lagrangian tracking and Level Set (LS) methods [33].
Although VOF is conservative and well established, special care has to be
taken to ensure boundedness and capturing of a sharp interface. Smearing of
the interface in the VOF method is often remedied with special compressive
schemes [39, 40] or additional compressive terms [31]. In the LS method,
smearing of the interface is a user–controlled parameter. The LS method
is often based on the signed distance function [26] which does not represent
a conserved physical quantity. Moreover, the LS field may not preserve its
signed distance property due to discretisation errors when it is advected by
a velocity field obtained from the pressure–velocity system. This is often
remedied by introducing an additional redistancing equation [37] or directly
recalculating the distance to the interface after the advection step. Both
methods usually redistance the LS field only in a narrow band of interest
near the interface.
In this paper, we take a different approach: using the LS equation derived from the phase field (PF) equation [35, 36]. The PF equation contains
additional terms along with the usual advection which serve to maintain the
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signed distance property implicitly during the solution [35]. Hence, no additional redistancing is needed.
The LS method is very suitable for a solution decomposition as used in
this work. This decomposition is achieved using the Spectral Wave Explicit
Navier–Stokes Equations (SWENSE) method [7, 5], where the unknown fields
representing the free surface and velocity are decomposed into incident and
perturbation components. A similar methodology has been recently used to
investigate wave resonance in a narrow gap between two barges in fully non–
linear potential flow framework [6]. The incident component of a given field
is obtained from potential flow models, while the perturbation component is
solved for. This method was successfully applied to both calm water, regular
and irregular waves [25, 24]. In their work, Monroy et al. (2010) [25] used
fully non–linear potential flow theories, such as stream function solution for
regular waves [30] and higher order spectrum (HOS) [46, 4] for irregular seas.
Here, we present a modification of the original SWENSE approach [7], consistent with properties of the second–order Finite Volume (FV) method. This
enables the use of linear potential flow theories, which makes the simulations
of irregular sea states possible without advanced models such as HOS.
Wave modelling in CFD requires special treatment in order to prevent
wave reflection and pollution of the results. Higuera et al. (2013) [13, 14]
used active wave absorption by dynamically prescribing the velocity field on
the outlet boundaries. This approach may be favourable for simulations in
closed domains (i. e. experimental set–up). In naval and offshore applications, the area of interest often lies within a narrow region near an object.
For this reason, we turn our focus to damping regions.
Huang et al. (2007) [16] used a damping source term in the LS interface capturing equation to prevent wave reflection. Jacobsen et al. (2012)
[18] applied explicit relaxation zones to achieve the same effect. Here, we
use relaxation zones with implicit matrix blending as described by Jasak et
al. (2015) [20]. Inside relaxation zones, we gradually force the perturbation
fields to zero, leaving only potential flow solution in the far field, thus preventing wave reflection. Higuera et al. (2012) [13] consider this approach
inferior due to a larger domain needed to accommodate for relaxation zones.
The cells in the relaxation zones are usually very large, which is favourable
as this increases numerical dissipation. In addition, possible use of advanced
potential flow theories allows us to model only small area near the object of
interest without a detrimental effect on the solution.
Numerical discretisation is achieved with a second–order accurate, col3

located, polyhedral FV method implemented in foam–extend, a community
driven fork of the OpenFOAM CFD software. OpenFOAM [45] is an open
source object–oriented C++ library for general numerical computational continuum mechanics, that provides efficient linear system solvers and support
for massively parallel computations by domain decomposition. All governing equations are discretised implicitly, leading to stable simulations even
at high Courant–Friedrichs–Lewy (CFL) numbers. Special care is given to
the consistency and implicitness of the FV discretisation of the LS equation.
Coupling of pressure, momentum and Level Set equations is resolved in a
segregated way using an algorithm similar to a combination of SIMPLE [28]
and PISO [17].
The paper is organised as follows. Mathematical model of incompressible, turbulent flow is presented in section 2. Free surface flow modelling is
described in section 3, with emphasis on the LS method derived from PF
equation. SWENSE decomposition and implicit blending technique for wave
generation and absorption are discussed in detail in section 4. The description of FV discretisation is followed by the analysis of the solution algorithm
in section 5. Verification, validation and the performance of the method are
reported in the accompanying paper.
2. Mathematical model
This section presents the mathematical model of free surface, incompressible flow used in this work. The model is based on the equations for continuity
and momentum (Navier–Stokes equations). The incompressible, Newtonian
fluid model is used, which is a justified assumption for low speed, wave–like
phenomena of interest in this work. Considerations presented here allow
the use of general turbulence models [47]. However, turbulence can often
be neglected in case of mild, non–breaking waves. The following governing
equations are of mixture type, which means that all fields are defined in both
phases (water and air) and are assumed continuous across the interface.
2.1. Mixture equations
Density ρ, dynamic viscosity µ, and velocity u of the mixture are defined
with the assumption of linear variation with respect to volume fraction, α:
ρ = αρ1 + (1 − α)ρ2 ,
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(1)

µ = αµ1 + (1 − α)µ2 ,

(2)

u = αu1 + (1 − α)u2 ,

(3)

where index 1 indicates the properties in the first phase (e.g. water) and
index 2 the properties in the second phase (e.g. air). The relation between the
LS signed distance field ψ, and volume fraction α will be given in section 3.
2.2. Continuity and momentum equations
The continuity equation in continuum mechanics reads:
∂ρ
+ ∇•(ρu) = 0 .
∂t

(4)

Assuming a linear variation of ρ with α, Eqn. (1), Ubbink (1997) [39] shows
that Eqn. (4) reduces to the volumetric continuity equation for mixture velocity:
∇•u = 0 .
(5)
Consider the mixture momentum equation at rest, [43]. giving a balance
of static pressure and volumetric body force:
p = ρg•x ,

(6)

∇p = ρg .

(7)

since
The volumetric body force represented by the ρg source term is problematic
for numerical reasons: we shall proceed by reformulating it as a gradient
term. In section 5, it will be shown that the gradient form allows us to
control the computational stencil; this will give identical support stencil for
the source term due to gravity as for the pressure gradient. This is achieved
by the decomposition of the pressure into a hydrostatic ρg•x and a dynamic
pd part:
p = pd + ρg•x ,
(8)
where g is the gravitational acceleration and x is the position vector. Note
that ρ is the current density field, meaning that the decomposition of p
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changes with motion of the free surface. Inserting Eqn. (8) into term pairing
given by Eqn. (7) results in:
− ∇p + ρg = −∇pd − (g•x∇ρ) ,

(9)

In section 5, the pressure equation will be formulated from Eqn. (5) in terms
of pd , while p can be reconstructed using Eqn. (8). With this decomposition,
the mixture momentum equation for the two–phase flow becomes:
∂(ρu)
+∇•(ρuu)−∇•(µef f ∇u) = −∇pd −g•x∇ρ+∇u•∇µef f +σκ∇α , (10)
∂t
where µef f denotes the effective dynamic viscosity from turbulence modelling.
Additional terms on the right hand side of the equation come from the variation of dynamic viscosity across the interface and the Continuum Surface
tension Force (CSF) model by Brackbill (1992) [1]. A detailed derivation of
Eqn. (10) is given by Ubbink (1997) [39].
3. Interface capturing
Free surface flow modelling in CFD is most often achieved with interface
capturing or Lagrangian interface tracking methods [38]. Most of the latter methods use Lagrangian points to advect the interface without loss of
sharpness, while the former often use a form of colour function to denote the
location of the interface. The colour function is then advected to follow the
motion of the interface. Interface capturing methods often diffuse (smear)
the interface over a few computational points to ensure numerical stability.
Although it is possible to reconstruct the sharp interface from the colour
function, there is no need for this if smearing of the interface is confined to
a small region. Interface capturing methods can be divided into three major
groups:
1. Level Set (LS) methods [26, 33];
2. Phase Field (PF) methods [35, 36];
3. Volume of Fluid (VOF) methods [40, 39, 31],
as presented in Figure 1. Two phases, Ω1 and Ω2 are separated by a free
surface (Γ).
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Figure 1: Comparison of interface capturing schemes. ψ is the signed distance function
for the Level Set field, φ is the Phase Field and α is the volume fraction in the Volume of
Fluid approach.

3.1. Level set method
The LS method uses the signed distance function to capture the interface:


if x ∈ Ω1 ,
d ,
ψ(x) = 0 ,
(11)
if x ∈ Γ ,


−d , if x ∈ Ω2 ,
where d is the shortest Euclidian distance to the interface and x is the position
vector. The interface is reconstructed with zero level set ψ(x) = 0. The
signed distance function is not bounded, as opposed to VOF and PF, making
7

it more convenient to advect using second order FV method. However, the
signed distance function has a linear profile in hydrostatic case, which is
unfavourable from numerical perspective.
3.2. Phase field method
The PF is bounded between −1 and 1 with a prescribed hyperbolic tangent profile across the interface, which in turn depends on the signed distance
function:


ψ
(12)
φ(ψ) = tanh √ ,
 2
where the width parameter  controls the smearing of the interface. It is
important to note that the smearing of the interface in Eqn. (12) is a user
controlled parameter. For example,
√Sun & Beckermann (2007) [35] show that
φ varies from −0.9 and 0.9 over 3 2. The interface is reconstructed in the
same way as in the LS method, φ(x) = 0.
3.3. Volume of fluid method
The VOF method represents a fraction of the volume occupied by water
inside an arbitrary control volume. It defines a sharp interface according to
LS field:
α(ψ) = 0.5 (sgn(ψ) + 1) ,
(13)
where sgn(ψ) denotes the signum function. However, the initially sharp
interface often gets smeared due to numerical discretisation of bounded convection terms. Reconstruction of the interface in the VOF method is a computationally challenging task, especially for unstructured polyhedral grids.
Nevertheless, Luppes et al. (2012) [23] and Kleefsman (2005) [21] apply it
successfully on Cartesian grids. Using Eqn. (13) to calculate fluid properties
from Eqn. (1) and Eqn. (2) causes numerical instabilities. Hence, we use a
combination of Eqn. (12) and Eqn. (13) to artificially smear the interface in
a prescribed way:




ψ
+1 .
(14)
α(ψ) = 0.5 tanh √
 2
The width parameter  is chosen to smear the interface across two or three
cells. This gives sufficient accuracy and numerical stability.
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3.4. Level set transport equation
The solution of the usual advection equation for the LS field does not
guarantee the preservation of the signed distance function. Moreover, the
field may get so distorted that a redistancing algorithm is needed. Redistancing algorithms [11, 12, 37] often redistance the LS field after solving the
transport equation, increasing the computational cost and causing potential
phase conservation issues. Recently, Sun and Beckermann (2007) [35] have
derived a transport equation for PF that preserves the hyperbolic tangent
character given by Eqn. (12). Eqn. (12) also presents a mapping between the
PF φ and the LS ψ. This identity is used to derive a transport equation for
the LS field from the PF equation presented by Sun & Beckermann (2007)
[35]. The resulting equation has the following form:
∂ψ
+ u•∇ψ =
∂t
√


!


2
∇ψ
ψ
b ∇• (∇ψ) +
1 − |∇ψ|2 tanh √
− |∇ψ|∇•
.

|∇ψ|
 2

(15)

We will briefly discuss the terms in Eqn. (15); the reader is referred to Sun
& Beckermann (2007) [35] for a detailed derivation and analysis. The terms
on the left hand side (LHS) represent advection. The first term on the
right hand side (RHS) is a diffusion term that serves to smooth out possible
singularities. The second term on the RHS is the curvature–driven motion
of the interface. In the air–water two–phase system at naval hydrodynamics
length–scale, this term could be neglected because of the fluid properties. The
third term counteracts the second term. Folch et al. (1999) [9] show that
the inclusion of second and third term is numerically beneficial, even though
they represent the same physical phenomena. In the absence of curvature–
driven motion, b is no more than a numerical parameter: it will be defined
in section 5.
4. SWENSE decomposition
The original SWENSE method [7] decomposes the fields into incident and
diffracted (perturbation) components. An arbitrary field of interest (ξ) can
be decomposed as:
ξ = ξI + ξP ,
(16)

9

where index I denotes incident field and P denotes perturbation field. ξI
may in theory be an arbitrary field, and ξP should adjust accordingly to
satisfy the governing equation. Note that in the present model, ξP does not
only account for wave diffraction, it also accounts for non–linear, two–phase,
viscous effects. To be precise, ξP models all the effects not present in the
incident flow model.
The idea of SWENSE decomposition is to capture main features of free
surface waves with a potential flow model, providing ξI , and superimpose
non–linear, viscous and turbulent effects by extending ξI to a full Navier–
Stokes model via ξP . We shall proceed by deriving the mathematical model
for ξP under an arbitrary choice of ξI . However, from the computational
perspective, it is desirable to have ξI to be as close to ξ as possible. Such
decomposition is desirable since the incident wave field can often be very
close to the desired solution. Moreover, neglecting rotational motion and
viscosity provides potential flow theories significant speed up compared to
CFD simulations.
4.1. Continuity and momentum equations
The decomposed volumetric continuity equation, Eqn. (4) is:
∇•uP = −∇•uI .

(17)

It should be noted that ∇•uI is zero in potential flow. Nevertheless, this
identity is valid at differential level (for Stokes’ wave theories) and arbitrary
numerical level (stream function or higher order spectrum) in discrete form.
On an arbitrary CFD mesh, there is no guarantee that ∇•uI will be zero,
(see Figure 4 in section 5), and the term on the RHS of Eqn. (17) is kept.
The decomposition of the momentum equation, Eqn. (10) reads:
∂(ρuP )
+ ∇•(ρuuP ) − ∇•(µef f ∇uP ) =
∂t
∂(ρuI )
− ∇•(ρuuI ) + ∇•(µef f ∇uI )
−
∂t
− ∇pd − g•x∇ρ + ∇u•∇µef f + σκ∇α .

(18)

This decomposition is different from one presented by Ferrant (2002) [7] for
several reasons. The velocity field is only decomposed in time derivative,
convection and diffusion terms. Other terms are treated explicitly in the
numerical algorithm (see section 5) and no decomposition is necessary. This
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is valid because the entire velocity field u is reconstructed at the end of
each time–step. The convecting velocity field in the convection term is not
decomposed because the convection term is linearised using the explicit mass
flux ρu, from the previous time–step. Decomposing all terms would result
in the Euler equation [7] for incident field. The Euler equation is satisfied in
the potential flow models: incident field terms could be neglected. However,
for the same reason as for the continuity equation, Eqn. (17), the terms are
included in the system.
Decomposition of pd would yield two pressure equations (one for incident and
one for perturbation field) by separately forcing ∇•uP and ∇•uI to vanish.
Due to its elliptic nature in incompressible flows, the pressure equation is
often the most time–consuming part of a CFD algorithm. Hence, the dynamic
pressure is not decomposed for efficiency reasons. Eqn. (17) will be used to
formulate the dynamic pressure equation as described in section 5.
4.2. Level set equation
Free surface description via VOF and PF is unsuitable for SWENSE
decomposition due to their boundedness, and, in case of VOF, sharp jump
of α at the interface. For this reason, we shall decompose LS transport
equation, Eqn. (15).
Prior to decomposition, Eqn. (15) is written in a form more suitable for
strongly conservative FV discretisation. The last two terms on the RHS of
Eqn. (15) can be expanded as:
√
√




2
2
ψ
ψ
2
tanh √ |∇ψ| = −b
tanh √ ∇ψ •∇ψ
−b


 2
 2
(19)
= −w1 •∇ψ
= −∇•(w1 ψ) + ψ∇•w1 ,
where the second identity introduces w1 as:
√


2
ψ
tanh √ ∇ψ ,
w1 = b

 2

(20)

which is an additional term that transports the LS field. The procedure for
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the last term in Eqn. (15) is similar and yields:


∇ψ
∇ψ
|∇ψ| = −bκ|∇ψ| = −bκ
•∇ψ
−b∇•
|∇ψ|
|∇ψ|
= −w2 •∇ψ
= −∇•(w2 ψ) + ψ∇•w2 ,

(21)

where κ is the mean interface curvature and w2 is an additional term that
transports the LS field:
∇ψ
w2 = bκ
.
(22)
|∇ψ|
Inserting Eqn. (19) and Eqn. (21) into Eqn. (15) gives:
∂ψ
+ u•∇ψ + ∇•(w1 ψ) − ψ∇•w1 + ∇•(w2 ψ) − ψ∇•w2 − b∇• (∇ψ) =
∂t
√


(23)
ψ
2
tanh √
b
.

 2
Using the volumetric continuity equation, Eqn. (5), convective terms can be
grouped together:
√


ψ
2
∂ψ
+ ∇•(cψ) − ψ∇•c − b∇• (∇ψ) = b
tanh √
,
(24)
∂t

 2
where c = u + w1 + w2 is the modified convective velocity field that transports and maintains the signed distance function with the help of diffusion
and source terms. This form of the LS transport equation is favourable from
a numerical perspective because source terms are reformulated to divergence
terms.
SWENSE decomposition of Eqn. (24) gives:
∂ψP
+ ∇•(cψP ) − ψP ∇•c − b∇• (∇ψP ) =
∂t
√


∂ψI
2
ψ
−
− ∇•(cψI ) + ψI ∇•c + b∇• (∇ψI ) + b
tanh √
,
∂t

 2

(25)

where the last source term is not decomposed since it will not be treated implicitly. Although Picard linearisation is possible [27], it can be shown that
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the linearisation of hyperbolic tangent would create a source term. Since
the source term is positive on the RHS of the equation, its implicit treatment would decrease the diagonal dominance of the resulting matrix, (see
Appendix A). This is avoided by treating the term explicitly. Similar to the
convective term in the momentum equation, Eqn. (18), the convecting field
c is not decomposed.
In the SWENSE decomposition, only the perturbation in ψ around ψI is
calculated, rather than complete signed distance profile. Thus, linear profile in hydrostatic case does not have to be calculated. This decomposition
allows us to efficiently introduce incoming waves in the CFD simulation, by
prescribing uI and ψI at each time step, and solving only for the perturbation
component.
4.3. Prevention of the wave reflection: relaxation zones
If perturbation components do not vanish near the boundaries, wave reflection will occur, which will in turn disrupt the CFD results in the near
field. Monroy et al. (2010) [25] and Marcer et al. [24] used a (2007) coarse
computational mesh to damp perturbation fields and prevent wave reflection. Here, we take a more general approach based on implicit relaxation
zones described by Jasak et al. (2015) [20]. The relaxation zone volumetrically combines governing equations of the flow model and prescribed incident
far field solution in order to force perturbation fields to vanish in the far field.
This leaves clean incident flow near the boundaries and thus prevents wave
reflection. The procedure shall be described on a general, SWENSE decomposed transport equation for a general variable ξ = ξI + ξP :
∂(ρξP )
+ ∇•(ρuξP ) − ∇•(γξ ∇ξP )+
∂t
∂(ρξI )
+ ∇•(ρuξI ) − ∇•(γξ ∇ξI ) − Su = T(ξP ) = 0 ,
∂t

(26)

where γξ is the diffusion coefficient and Su a source term. T(ξP ) denotes a
general transport operator acting on the perturbation field ξP . The perturbation field should be zero at the boundaries, giving:
ξP = 0 → R(ξP ) = 0 ,

(27)

where R(ξP ) is the relaxation zone operator. Weight field w is used to blend
two models represented by Eqn. (26) and Eqn. (27). w is equal to 1 at the
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far field boundaries (Figure 2), which forces the perturbation field to vanish.
Toward the area of interest in the domain interior, w reduces smoothly to 0.
A single equation can be written in terms of w and Eqn. (26) and Eqn. (27):
(1 − w) T(ξP ) + wR(ξP ) = 0 .

relaxation zone 1

(28)

relaxation zone 2

λ1

λ2
CFD region

λw
w=
w =1

exp



d p
λ

e−1

−1

0 <w <1

w =0

ξD ≠0

ξD =0

0 <w <1

w =1
ξD =0

Figure 2: Relaxation zones with weight field. White region represents full CFD domain,
while shaded gray area represents relaxation zones. In relaxation zones, the solution is a
linear combination of CFD and potential flow solution.

This forces the perturbation field to vanish where w = 1, and gives the full
CFD solution for w = 0. Following Jacobsen et al. (2012) [18], w is chosen
as:
d p
e( λ ) − 1
w=
,
(29)
e−1
14

where d is the shortest distance to the boundary and λ is the length of the
relaxation zone. p is a spatial exponent, usually set to 3.5 [18]. The length of
the relaxation zone should be sufficiently large to prevent any wave reflection.
This is studied further in the accompanying paper.
In this study, velocity and LS fields are blended using implicit relaxation
zones. Eqn. (28) can be used to combine the governing equations in their
decomposed form:
• Continuity equation, Eqn. (17) becomes:
(1 − w) (∇•uP + ∇•uI ) = 0 ,

(30)

• Momentum equation, Eqn. (18) becomes:
!
∂(ρuP )
+ ∇•(ρuuP ) − ∇•(µef f ∇uP ) =
(1 − w)
∂t
(1 − w)

∂(ρuI )
− ∇•(ρuuI ) + ∇•(µef f ∇uI )−
∂t

(31)
!

− ∇pd − g•x∇ρ + ∇u•∇µef f + σκ∇α .

− wuP ,

• LS transport equation, Eqn. (25) becomes:
∂ψP
(1 − w)
+ ∇•(cψP ) − ψP ∇•c − b∇• (∇ψP )
∂t
(1 − w)

!
=

√

!
∂ψI
2
ψ
−
− ∇•(cψI ) + ψI ∇•c + b∇• (∇ψI ) + b
tanh √
−
∂t

 2
− wψP .
(32)

Additional sink terms in the momentum equation, Eqn. (31) and the LS
equation, Eqn. (32) implicitly force uP and ψP to vanish in the relaxation
zone, where w 6= 0. This term is not present in the continuity equation,
Eqn. (30) because in the segregated solution algorithm uP will already be
equal to zero in the relaxation zone after the solution of the momentum
equation.
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5. Numerical model
The mathematical model is discretised in space using a second–order accurate, collocated FV method with support for arbitrary polyhedral (unstructured) grids [19], Figure 3. Unstructured, body–fitted grids are most
often used for simulations of flows around ship hulls as they simplify mesh
generation. The description of the numerical model is divided into the following parts: FV discretisation of governing equations, with the emphasis on
derivation of the pressure equation; calculation of the diffusion coefficient in
the LS equation; and the solution algorithm for the coupled equation set.
N

sf
df
f

P

r
z
y

V

x

Figure 3: Polyhedral control volume. Control volume P shares a common face with its
neighbour N .

5.1. Finite Volume discretisation
The literature on basic FV discretisation is vast [42, 8, 19, 31], and will
not be described here in detail. Following notation by Rusche (2002) [31],
terms enclosed within square brackets [·] are treated implicitly, while other
terms are discretised explicitly. Explicit terms include:
1. contributions arising from the incident field, known at every time–step;
2. other contributions for which the values at the previous time–step or
iteration is used.
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5.1.1. Momentum equation
The discretised momentum equation, Eqn. (31) has the following form:
!


∂(ρuP )
(1 − w)
+ [∇•(ρuuP )] − [∇•(µef f ∇uP )] =
∂t
(1 − w)

∂(ρuI )
− ∇•(ρuuI ) + ∇•(µef f ∇uI )−
∂t

(33)
!

− ∇pd − g•x∇ρ + ∇u•∇µef f + σκ∇α

− w [uP ] ,

Time derivative, convection, diffusion and sink term for the perturbation field
are discretised implicitly. Using Eqn. (33), a linear equation for each control
volume is assembled:
X
aP uP,P +
aN uP,N = S ,
(34)
f

where aP represents the diagonal coefficient
and aN represent off–diagonal
P
coefficients for a control volume ”P ”.
denotes
sum over all neighbourf
ing faces. Index ”P, P ” marks the perturbation velocity field at the control
volume ”P ”, and similarly P, N marks the perturbation velocity field at the
control volume ”N ”. S is the source term arising from explicit terms on the
RHS of Eqn. (33) and possible non–orthogonal correction in the diffusion
term. Boundary cells have additional diagonal or source contributions depending on boundary conditions [19].
In this work, following discretisation schemes for terms in the momentum
equation, Eqn. (30) are used:
• Linear blend of Crank–Nicholson [39] and implicit Euler [42] for time
derivative terms;
• Compact stencil second–order linear–upwind scheme for convection terms;
• Linear interpolation with an explicit non–orthogonal correction [19] for
diffusion terms;
• Basic linear interpolation for other terms.
Second–order accurate schemes in space are used for the momentum equation.
A blend of first–order Euler and second order Crank–Nicholson scheme for
time derivatives proved to be both stable and sufficiently accurate.
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5.1.2. Pressure equation
In segregated solution algorithms for incompressible flows, the pressure
equation is used to create conservative fluxes, obeying the continuity equation, Eqn. (17). Following Patankar and Spalding (1972) [28] and Jasak
(1996) [19], the derivation of the pressure equation starts from the semi–
discretised form of the momentum equation, Eqn. (34):
aP uP,P = H(uP ) − ∇pd ,

(35)

where the pressure gradient term is left undiscretised in analogy to Rhie and
Chow correction [29]. This equation is obtained from the integral form of
the blended, SWENSE decomposed momentum equation, Eqn. (33) using
the discretisation schemes described above. The equation is divided by the
cell volume to enable face interpolation of the matrix coefficients. The H(uP )
term consists of two parts:
1. the transport part, which includes the matrix coefficients for all neighbours multiplied by the corresponding velocities;
2. the source part which includes all the source terms arising from SWENSE
decomposition (incident wave field), gradient of the density, gradient
of the effective viscosity, surface tension force and terms related to the
discretisation of the time derivative term of the perturbation velocity
field.
The discretised form of the continuity equation, Eqn. (30) reads:
!
X
X
(1 − w)
sf •uP,f +
sf •uI,f = 0 .
f

(36)

f

Index ”f ” denotes a value at the face centre, while indices ”P ” and ”I”
stand for perturbation and incident field. The semi–discretised momentum
equation, Eqn. (35) is used to express the perturbation velocity field:
uP,P =

1
H(uP )
−
∇pd .
aP
aP

(37)

The perturbation velocity at the face centre is obtained by linear interpolation of the cell–centre velocities, Eqn. (37):


 
H(uP )
1
uP,f =
−
(∇pd )f ,
(38)
aP
aP f
f
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where the Eqn. (38) is later used to calculate face fluxes given a new pressure
field pd that enforces the continuity equation.
Substituting perturbation velocities interpolated to cell faces given by
Eqn. (38) into the discretised form of the continuity equation, Eqn. (36)
yields the pressure equation:

 



H(uP )
1
∇pd = (1 − w) ∇•
+ ∇•uI
∇•
aP
aP
!
(39)
X
X  H(uP ) 
+
= (1 − w)
sf •uI,f ,
sf •
aP
f
f
f
The (1 − w) blending pre–factor multiplying the pressure Laplacian term is
omitted because pressure pd is not decomposed using the SWENSE method.
In contrast to a non–decomposed incompressible pressure equation, Eqn. (39)
has one additional source term coming from the divergence of the incident
wave field. As discussed in the previous section, this term vanishes on a
differential or numerical level (depending on the method used to obtain the
incident wave field). For example, if the incident wave field is calculated from
first order Stokes’ theory, the Laplacian equation for the velocity potential
causes ∇•uI to vanish. Mapping this analytical
solution to a FV mesh would
P
cause continuity errors because ∇•uI = f sf •uI,f 6= 0. This also applies for
more advanced numerical models for the incident wave field since the solution
of the governing equations is obtained on an arbitrary computational grid.
This is illustrated in the Figure 4. The figure depicts an initial wave field obtained by stream function wave theory [30]. This field mapped on
Pa FV mesh
provides α and uI distribution. The continuity error, ∇•uI = f sf •uI,f is
calculated for each cell. The FV method presented in this work is strongly
conservative, hence ∇•uI should ideally be as small to machine tolerance. As
shown in Figure 4, this is not achieved; this could be remedied by a choice of
interpolation scheme for uI,f which satisfies the continuity equation for the
incident velocity field. In this study, this term is included in the pressure
equation. Thus, the non–decomposed pressure field, and consequently the
perturbation velocity field, will make up for the non–conservative nature of
the incident velocity field.
The (1 − w) blending pre–factor accounts for continuity errors in the relaxation zone. Without this term, the continuity would be enforced inside
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Figure 4: Initial field obtained by stream function wave theory [30] mapped on a FV mesh.
The above figure
P denotes the α distribution and the figure below denotes the continuity
error, ∇•uI = f sf •uIf .

the relaxation zone through pd and consequently through uD , see Eqn. (38),
in contradiction with the momentum equation, Eqn. (33), where uD is forced
to gradually vanish in the relaxation zone near the boundary. Hence, this
term causes the pressure to be zero inside relaxation zones. This is considered acceptable since the pressure inside relaxation zones can be easily
reconstructed using the pressure from the incident wave field. However, such
procedure should be unnecessary because the area of interest is not located
within the relaxation zone.
The final form of the discretised pressure–velocity system reads:
• Discretised momentum equation:
aP uP,P = H(uP ) −

X
f
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sf pdf ,

(40)

• Discretised pressure equation:
!
X  1 
X  H(uP ) 
X
(∇pd )f = (1 − w)
+
sf •
sf •
sf •uI,f .
a
a
P f
P
f
f
f
f
(41)
Although a coupled approach for the solution of the pressure–velocity system
is possible in the FV method ([3, 2]), a segregated algorithm is used in this
study. The algorithm is based on a combination of SIMPLE [28] and PISO
[17] algorithms as detailed below.
After solving the pressure equation, Eqn. (41), the total face flux is calculated as:
!


 
H(uP )
1
F = sf •(uP,f + uI,f ) = sf •
−
(∇pd )f + uI,f . (42)
aP
aP f
f
When the pressure equation, Eqn. P
(41) is satisfied, volumetric face fluxes are
conservative in the discrete form: f F = 0. Fluxes are used to convect the
LS field and all other transported variables, e.g. in the turbulence model.
5.1.3. Level set equation
The blended, SWENSE–decomposed LS transport equation, Eqn. (32) is
discretised as:
!


∂ψP
(1 − w)
+ [∇•(cψP )] − [ψP ∇•c] − [b∇• (∇ψP )] =
∂t
√
!

∂ψI
ψ
2
− ∇•(cψI ) + ψI ∇•c + b∇• (∇ψI ) + b
tanh √
−
(1 − w) −
∂t

 2
− w [ψP ] ,
(43)
where c is defined with Eqn. (20) and Eqn. (22):
√


2
ψ
∇ψ
c = u + w1 + w2 = u + b
tanh √ ∇ψ + bκ
.

|∇ψ|
 2

(44)

Terms on the LHS of Eqn. (43) are discretised implicitly. The sink term
for the implicit blending procedure on the RHS of equation is also treated
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implicitly, increasing the diagonal dominance of the matrix. This term forces
the perturbation LS field to vanish in the relaxation zone near the far field
boundaries. Other terms are explicit, as the incident LS field is known at
each time–step.
The following discretisation schemes used in the Eqn. (43) are:
• Linear blend of Crank–Nicholson [39] and implicit Euler [42] for time
derivative terms;
• Second–order accurate Total Variation Diminishing scheme (TVD) [15]
with van Leer’s [41] flux limiter in deferred correction form [8];
• Linear interpolation with an explicit non–orthogonal correction [19] for
diffusion terms;
5.2. Determination of the diffusion coefficient in the Level Set equation
The parameter b appearing in the LS transport equation, Eqn. (43) acts
as a diffusion coefficient and a pre–factor for curvature driven terms, see
section 2. In the absence of curvature driven motion, the choice of b is purely
numerical [35]. Sun and Beckermann (2007) [35] used a Courant–Friedrichs–
Lewy (CF L) condition for the PF equation to determine this parameter. We
apply a similar approach, with following assumptions:
• b Should be as small as possible in order to keep a sharp interface,
preventing excessive diffusion;
• Maximum CF L number is not limited to 1 because Eqn. (43) is treated
implicitly;
• b Should be calculated using arbitrary polyhedral FV method and its
conventions.
We define the convective CF L number in the LS transport equation as:
sf •cf
∆t ,
(45)
CF Lc =
sf •df
where cf is the face interpolated value of the convective velocity field in the
LS transport equation as indicated in Eqn. (24). Consequently, the CF L
number due to diffusive flux can be defined as:
sf •∇ψf
CF Ld = b
∆t ,
(46)
sf •df
22

where ∇ψf is the surface normal LS gradient. The sum of both CF L numbers
should not exceed the specified CF Lψ limit:
CF Lc + CF Ld ≤ CF Lψ ,

(47)

where CF Lψ = 1 in case of explicit solution schemes. This inequality gives
an upper bound for b.
During the solution process, the time–step is controlled with a designated
CF L number based on the fluid flow:
CF L =

sf •uf
∆t ,
sf •df

(48)

where sf •uf is the volumetric face flux. Numerical tests have shown that
CF Lψ ≈ 2 CF L yields good results, even though a solution can be achieved
with higher values. This is demonstrated in the accompanying paper. Nevertheless, b is numerically a diffusion coefficient. Even though it is purely a
numerical parameter, b ≥ 0 is required for numerical stability.
The parameter b should be as small as possible in the absence of curvature–
driven motion to prevent excessive smearing of the interface. For this reason,
b is divided by a stabilisation constant γ ≥ O(105 ). Finally, an expression
for b can be derived as:
b=

bo CF Lψ − CF Lc
,
γ
CF Ld

(49)

where bo denotes the parameter b from the previous iteration or time–step.
The constant γ is a purely numerical parameter whose exact value has minor
influence on the solution as the study presented in the accompanying paper
demonstrates.
5.3. Solution algorithm
The segregated solution algorithm used in this work is a combination of
SIMPLE [28] and PISO [17] algorithms. A flow chart of the solution procedure for each time step is given in Figure 5. At the beginning of every
time step, incident wave fields, uI and ψI are calculated from potential wave
theory. Coupling between ψP , uP and pd is achieved in a segregated manner
using a SIMPLE loop. The SIMPLE loop begins with an update of parameter b for the LS equation, Eqn. (43). Parameter b is updated based on the
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latest CF Lc and CF Ld numbers. The perturbation equation for ψP is assembled and solved. ψ is then updated as ψ = ψP + ψI . To update the
density with Eqn. (1), α is obtained from the hyperbolic tangent reconstruction, Eqn. (14). The subsequent PISO loop handles the pressure–velocity
coupling. The momentum equation, Eqn. (40) is solved using the pressure
gradient from the previous iteration. The divergence–free velocity field is
then obtained by solving the pressure equation, Eqn. (41) and updating the
perturbation velocity field and face flux field, Eqn. (37) and Eqn. (42), respectively. Convergence of the PISO loop is not tested: the user specifies a
fixed number of PISO correctors. If enabled, equations for turbulence models
are solved and the effective dynamic viscosity µef f is updated. The SIMPLE
loop ends if the number of specified SIMPLE correctors is exceeded. This is
repeated until the simulation reaches the end time.
In this work, four SIMPLE correctors and one PISO corrector are used. The
linear system resulting from pressure equation, Eqn. (41) is solved using the
algebraic multi–grid (AMG) [44] solver with the ILU smoother. Other equations are hyperbolic, and are solved with a stabilised Bi–conjugate gradient
Krylov subspace solver (BiCGStab) [32]. Under–relaxation factors are not
used.
6. Summary
A solution and domain decomposition model for two–phase flows is described. The model is primarily intended for simulations containing wave–like
phenomena in naval hydrodynamics applications.
Interface capturing is achieved with the LS method derived from the PF
equation; there is no need to additionally redistance the LS field after transport.
The solution is decomposed using the SWENSE method, where the field
is divided into incident and perturbation components. The incident wave
field is obtained with low–cost potential flow wave theories, while the perturbation component is solved for. The perturbation component accounts for:
two–phase, non–linear, viscous, diffraction and possibly radiation effects not
accounted for in the incident flow field. Only the velocity and the LS fields
are decomposed in the presented approach. The pressure is not decomposed
for efficiency reasons.
The domain is decomposed using the relaxation zones. Relaxation zones
damp the perturbation field near the boundaries, which leaves only the po24

start ψP − uP − pd
coupling (SIMPLE)

calculate uI , ψI
update b
Eqn. (47)
solve for ψP
Eqn. (43)
update α and
ρ, Eqn. (14)
and Eqn. (1)

start uP − pd
coupling (PISO)

solve for uP
Eqn. (40)
solve for pd
Eqn. (41)
update uP and
F , Eqn. (37)
and Eqn. (42)

solve turbulence
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SIMPLE
converged?
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PISO
converged?

advance
time–step

Figure 5: Flow chart of the segregated solution algorithm.
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no

tential flow solution. This is necessary to prevent unwanted wave reflection,
which would disrupt CFD results. Damping of the perturbation fields is
achieved implicitly within the governing equations.
In this paper, the one–way coupling between the incident flow and CFD
solution is implied. However, it is important to note that the present model
enables easy extension towards the two–way coupling between a full CFD
solution and the arbitrary incident flow model. An extension towards more
advanced potential flow incident models (as used by Fredriksen et al. (2014)
[10] and Zhang et al. (2014) [48]), incident potential flow depending on the
CFD solution in the near field, is the topic of future work.
The solution algorithm is based on a second–order accurate, polyhedral
FV method. All governing equations are discretised implicitly, which ensures
numerical stability for CF L ≥ 1. A single pressure equation is derived, which
makes the total flux conservative by updating only the perturbation velocity
field. The solution procedure is a combination of segregated SIMPLE and
PISO algorithms that uses a fixed number of PISO correctors and SIMPLE
correctors.
A detailed verification and validation of the model are presented in accompanying paper.
Appendix A. Picard linearisation of the hyperbolic tangent source
term
Below, we show the Picard linearisation procedure of the hyperbolic tangent source term in the LS transport equation, Eqn. (25). The source term
can be written in the following form:
√


2
ψ
tanh √
= a1 tanh (a2 ψ) ,
(A.1)
S(ψ) = b

 2
where a1 and a2 are non–negative constants, since b ≥ 0 and  ≥ 0. Expanding the above expression in the Taylor series around the value from the
previous time–step ψ o gives:
 o
∂S
n
o
(ψ n − ψ o ) ,
(A.2)
S(ψ ) = S(ψ ) +
∂ψ
with



∂S
∂ψ

o

= a1 a2 sech2 (a2 ψ o ) .
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(A.3)

Substituting Eqn. (A.3) into Eqn. (A.2) yields a linearised version of the
source term:
S(ψ n ) = a1 tanh(a2 ψ o ) + a1 a2 sech2 (a2 ψ o ) (ψ n − ψ o )
= S1 + Su ψ n − Su ψ o .

(A.4)

This procedure divides the source term into three parts. Terms S1 and Su ψ o
are explicit since they are bound to the value of ψo from the previous time–
step. The second term can be made implicit. However, Su appearing on the
RHS of the LS transport equation, Eqn. (25) is non–negative. For implicit
treatment, this term would have to be transferred to the LHS of the equation,
making Su negative. Hence, an additional diagonal contribution of −Su
would decrease the diagonal dominance of the resulting matrix, so this is
omitted.
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